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We report low temperature measurements of bulk solid 4He in a two-frequency compound torsional
oscillator with both annular and open cylinder sample geometries. The oscillators were designed
to suppress period shifts arising from all known elastic effects of solid 4He. At temperatures below
0.25 K, period shift signals similar to those reported by Kim and Chan [Science 305, 1941 (2004)]
were observed, albeit two orders smaller in magnitude. A sizable fraction of the observed signals are
frequency-independent and consistent with the mass-decoupling expected for supersolid 4He. This
result is in stark contrast with recent works on Vycor-solid-4He system and suggests that a small
supersolid fraction on the order of 1× 10−4 may indeed exist in bulk solid 4He.
PACS numbers: 67.80.Bd, 66.30.Ma
The possible existence of a supersolid, where superflow
is supported by the solid phase of 4He, was suggested
more than forty years ago [1–3]. Leggett [3] pointed out
that a torsional oscillator (TO) containing a solid 4He
sample would provide an excellent test for the existence of
the supersolid state, as the supersolid can be expected to
manifest itself in a superfluid-like reduction in the sample
moment of inertia, i.e. a non-classical moment of inertia
(NCRI). In 2004, Kim and Chan (KC) made TO mea-
surements for Vycor-solid-4He [4] and bulk solid 4He [5]
samples and observed anomalous drops in the resonance
periods of the TOs below 0.25 K. The KC results were ini-
tially interpreted as evidence for NCRI. However, this in-
terpretation was challenged by the discovery, by Day and
Beamish (DB) [6], of a temperature-dependent anomaly
in the shear modulus, µ, of solid 4He, occurring over the
same temperature range as the KC TO signals as well
as sharing the same dependence on velocity/strain and
3He impurity level. A re-examination by two separate
groups [7, 8] of the KC discovery in Vycor-solid-4He were
recently performed. The conclusion drawn from these ex-
periments is that the original KC period shift observation
in Vycor-solid-4He arose from the increasing µ of a thin
layer of bulk solid 4He in the TO cells and was unrelated
to supersolidity. On the other hand, the possible exis-
tence of supersolidity in bulk solid 4He still remains an
open theoretical and experimental question [9].
Multiple-frequency TOs provide an effective method
for identifying the origins of the anomalous period shifts
below 0.25 K for samples of solid 4He. In the case of a
supersolid NCRI, the fractional period shift (FPS), de-
fined as the anomalous period drop normalized by the
mass-loading sensitivity, is expected to be independent of
the TO frequency. The FPS is determined by ∆P/∆PF,
where ∆P is the magnitude of the anomalous period
drop and ∆PF is the increase in the period of the TO
upon freezing of the sample. Should the observed pe-
riod drop arise from the shear-stiffening of solid 4He,
the FPS would assume different values at different fre-
quencies. The FPS values obtained at different frequen-
cies allow the decomposition of the observed signals into
frequency-dependent and frequency-independent contri-
butions. The existence of a finite frequency-independent
contribution to the FPS could then indicate the presence
of supersolid NCRI.
The shear-stiffening of solid 4He [6] can alter the TO
period in multiple ways, including period shifts arising
from the acceleration of solid 4He [10], stiffening of the
solid 4He in the torsion rods [11], the counter-stress of
solid on the cell wall [12] and through the dissipative dy-
namics of the solid [13]. It is critical in the design of
a double-frequency TO that the significant elastic effects
should be understood and reduced to a minimum in order
to facilitate the analysis of the observed FPS. Such con-
ditions have not been met in the earlier double-frequency
experiments on bulk solid 4He [14, 15]. In these exper-
iments, the FPS signals contained significant contribu-
tions from both the acceleration of solid 4He and the stiff-
ening of solid 4He inside the torsion rods. In Ref. [16], we
reported the preliminary result from a double-frequency
TO that was designed to be chiefly sensitive to elastic
effect due to acceleration of solid 4He. In this experi-
ment, a frequency-independent contribution to the FPS
was observed that was equivalent to an inertial-mass-
decoupling of the cylindrical sample corresponding to a
NCRI/supersolid fraction of 1.2× 10−4.
The encouraging result from our cylindrical cell [16]
prompted a further investigation into the possibility of
supersolidity in bulk solid 4He. In a new experiment,
an annular sample geometry was employed which al-
lows a further reduction in the elastic contributions to
the FPS signals. Fig. 1 (a) shows the cross-section of
the double-frequency TO constructed from annealed Al
6061. The moments of inertia of the cell holding solid
4He and the dummy oscillator are Ic = 26.0 g cm
2 and
Id = 58.7 g cm
2. The corresponding torsion rod con-
stants are kc = 1.69 × 109 dyn cm and kd = 1.35 × 109
dyn cm. The torsion rods have inner fill-lines with ra-
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FIG. 1: (a) To-scale drawing of the double-frequency TO. The
electrodes for drive/detection of TO motion are constructed
from Mg. The rest of the TO is made of annealed Al 6061. (b)
Summary of FPS from various effects calculated by varying
µ from 1.5 × 108 dyn cm−2 to 3.0 × 108 dyn cm−2, at each
frequency of the TO. Value for the acceleration effect is based
on FEM computation; the others are analytical estimates.
dius, rfill = 0.017 cm and outer radius rrod = 0.256 cm,
for a ratio of rfill/rrod = 0.067. This small ratio greatly
reduces the elastic effect from solid 4He in the fill-lines
[11]. The sample is largely annular and has a total solid
moment of inertia IHe = 0.249 g cm
2. A notable im-
provement in this TO over our previous efforts [7, 16]
results from the mounting of the double oscillator on an
additional vibration isolator (VI), which is itself a TO
with a massive moment of inertia Iv = 547 g cm
2 and
torsion constant kv = 1.03 × 109 dyn cm. The VI is in
turn mounted to a Cu block that is thermally anchored
to the mixing chamber of the dilution refrigerator. The
addition of the VI has improved the signal-to-noise ratio
by a factor of ten, allowing detection of signals as small
as ∆P = 0.01 ns, or FPSs on the order of 5× 10−6.
In a Supplement to this Letter, we provide detailed
calculations of the known elastic effects of solid 4He for
this TO, using both an analytical approach and a finite
element method (FEM). Based on these calculations, the
estimated FPS values for each elastic effect at the two
resonance frequencies are shown in Fig. 1(b). It is clear
that, for this annular cell, the only elastic effect on the or-
der of 10−4 arises from the acceleration of solid 4He, with
a FPS proportional to f2, the square of TO frequency.
We refer the reader to Ref. [7] for a complete de-
scription of the drive/detection scheme of the double-
frequency TO. The two frequency modes are excited si-
multaneously with identical maximum rim velocity of 6
µms−1 for each mode. We have also driven each mode
individually to avoid any nonlinear mode-coupling effects
and found the results presented in this Letter to be in-
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FIG. 2: (a) Period shifts ∆P at each resonance mode, defined
as ∆P (T ) = P (T )−P (T = 0.34 K) where P (T ) is the period
of the oscillator after correction for the temperature depen-
dent empty cell background. Inset: Period shifts upon freez-
ing of the sample. Mass-loading sensitivities of ∆PF− = 2.75
µs and ∆PF+ = 1.69 are extracted. (b) The magnitude of the
FPS is shown as a function of temperature for each mode.
dependent of the method of operation. At T = 0.5 K,
the resonance periods of the empty TO are P− = 1.548
ms for the low frequency (−) mode and P+ = 0.648
ms for the high frequency (+) mode, with correspond-
ing frequencies of f− = 646.0 Hz and f+ = 1543.0 Hz.
Since Iv  Ic and Iv  Id, the influence of the VI
on the resonance periods of the TO is small and the
two resonance periods are well approximated by P± =
2pi
[
Ic(kc+kd)+Idkc
2IcId
(
1±
√
1− 4IcIdkckd(Ic(kc+kd)+Idkc)2
)]−1/2
.
A polycrystalline sample is formed from commercial
4He gas having a nominal 0.3 ppm 3He impurity level
by the blocked-capillary method. The inset to Fig. 2(a)
shows the period shift data for the two resonance modes
as the sample is frozen. The total period shifts for the
two modes, between the liquid and the solid phase, are
∆PF− = 2.75 µs and ∆PF+ = 1.69 µs. These shifts de-
termine the mass-loading sensitivities for the two modes.
3Based on a temperature of 1.63 K at which freezing
ceases, the final sample pressure is about 28 bar.
In Fig. 2(a), we present data for the period shift ∆P (T )
at each mode as a function of temperature from T = 0.02
K to T = 0.58 K. ∆P (T ) is defined taking the cell pe-
riod at T = 0.34 K as the reference value, i.e., ∆P (T ) =
P (T )− P (T = 0.34 K). We observe clear anomalous pe-
riod drops below 0.2 K where the ∆P decreases rapidly.
In the intermediate regime, 0.2 K < T < 0.4 K, ∆P
shows little variation over temperature. At T > 0.4 K, a
moderate increase in ∆P is observed which continues to
higher temperatures. As a next step, we normalize ∆P at
each mode by its mass-loading sensitivity ∆PF to obtain
the FPS. The results are plotted in Fig. 2(b). If the ob-
served signals were attributed entirely to supersolidity,
we would expect the FPS to be frequency-independent
and depend only on temperature. The two curves in
Fig. 2(b) would coincide in this case. This is not the
case, with the difference attributable to the elastic effect
arising chiefly from the acceleration of the 4He solid. If
the signals arise entirely from the elastic effects of solid
4He, we would expect the FPS at the two modes to follow
the relation ∆P+/∆PF+ = (f+/f−)2(∆P−/∆PF−) ≈
5.7(∆P−/∆PF−), which is also not the case. Therefore,
we shall analyze the FPS signals as composites consisting
of two components, a frequency-independent component
(supersolid fraction) and a component proportional to
the square of the frequency arising from dynamic elastic
effects.
In decomposing the FPS into individual contribu-
tions at each temperature T , we proceed as fol-
lows: For each mode, the FPS can be written as
∆P±(T )/∆PF± = ∆P0(T )/∆PF± + ∆P1±(T )/∆PF±,
where ∆P0(T ) is a temperature-dependent constant and
∆P0(T )/∆PF± is the temperature-dependent supersolid
contribution to the FPS. The elastic contribution to the
FPS is ∆P1±(T )/∆PF± = C0(T )f2±, where C0(T ) is a
temperature-dependent constant. In Fig. 3(a), we plot
the elastic contributions to the FPS as a function of tem-
perature. It can be seen that the elastic contribution
continues to change above T = 0.2 K. This feature is con-
sistent with the continuing change in µ above 0.2 K, and
is seen in previous TO experiments that are dominated
by elastic effects [7, 18]. Based on a FEM computation
described in the Supplement, we deduce that a 50% in-
crease in µ with a base value of 1.5×108 dyn cm−2 would
produce the observed elastic contributions to the FPS.
This is in good agreement with previous measurements of
shear-stiffening of solid 4He, which have reported changes
up to 80% [19].
More interesting is the frequency-independent term or
supersolid contribution to the FPS shown in Fig. 3(b).
Below 0.2 K, this contribution increases to a maximum
of 1.2×10−4. As the temperature is raised, the frequency-
independent contribution declines and becomes essen-
tially constant between 0.2 K and 0.4 K, suggesting 0.2
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FIG. 3: (a) Elastic, frequency-dependent, contributions to the
FPS, ∆P1/∆PF , at both modes. (b) Supersolid, frequency-
independent, contribution to the FPS, ∆P0/∆PF, identical
for both modes. Inset: Total FPS up to melting temperature
∆P/∆PF for a different sample in a single-mode TO similar
in design to the cell used in this experiment. The dashed line,
through the data in the inset, is a fit to the functional form
of the temperature-dependent variation in solid 4He pressure
[17], AT 4 +BT 2.
K as the approximate supersolid transition temperature
for this sample. This behavior is consistent with a zero
supersolid contribution for T > 0.2 K and contrasts with
the elastic contribution, which changes continuously over
this temperature range. Above 0.2 K, the frequency-
independent contribution begins to decline below zero
and becomes increasingly negative with increasing tem-
perature. We believe that this trend is explained, in part,
by a pressure-induced expansion of the cell. The pres-
sure of constant-volume solid 4He sample [17] increases
as p(T ) = AT 4 + BT 2 + p0. As p(T ) increases with in-
creasing temperature, the cylindrical walls of the cell are
expanded, causing the moment of inertia of the cell, Ic,
to increase. The pressure effect becomes much more vis-
ible at higher temperatures, as illustrated in the inset of
Fig. 3(b), where data from an earlier single-mode TO are
shown for temperatures up to 1.8 K.
An instructive way to visualize the data is to plot
the period shifts ∆P± at different temperatures against
each other, as shown in Fig. 4. In the scenario of mass-
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FIG. 5: FPS at T = 0.02 K for two double-frequency TO’s
plotted against f2. Error bars are larger in the cylindrical cell
due to greater noise level, and are smaller than the size of the
symbols for the annular cell.
loading/decoupling, the data would follow a slope equal
to the ratio of mass-loading sensitivities, ∆PF+/∆PF−.
Should the signals arise from shear-stiffening of solid 4He,
the slope would be equal to (f+/f−)2∆PF+/∆PF−. We
see that above 0.4 K, the data follow the mass-loading
slope, consistent with pressure-driven expansion of the
cell. Between 0.2 K and 0.4 K, the slope of the data is
consistent with the expectations based on shear-stiffening
of solid 4He. Below T = 0.2 K, the slope of the data
returns to a value close to that of mass-decoupling, indi-
cating that the majority of the observed signals, in this
temperature range, is due to the presence of supersolid-
ity.
In Fig. 5, we provide a comparison of the results from
this annular cell with those from our previous cylindri-
cal cell [16]. For each cell, the FPS at 0.02 K for the
low and high modes are plotted against the squares of
their respective frequencies, f2. We see that the fre-
quency dependence of the FPS is much weaker in the
annular cell, as expected due to the greater suppression
of the elastic effect arising from inertial acceleration of
solid 4He. The zero-frequency y-intercept gives a non-
zero supersolid fraction for both TOs. Despite the com-
plete independence of the two experiments and their dif-
ference in geometry, the supersolid fraction is identically
(1.2± 0.1)× 10−4.
Since the KC discovery in 2004, TO experiments per-
formed on bulk solid 4He have reported FPS values rang-
ing from 4 × 10−4 to 0.2 [5, 14, 15, 18, 20–32], with the
exceptions of an early spherical TO experiment by Bishop
et al [33], which saw no supersolid fraction above 1×10−4,
and the rigid TO experiments performed at Penn State
[34, 35], which have placed an upper bound of 4 × 10−6
on the supersolid fraction. It is pointed out in [34] that
the mass flow observed by Ray and Hallock [36] at low
solid pressures, if limited to a flow velocity of 10 µm/sec,
could lead to FPS on the order 1× 10−4, similar to what
is observed in their long path-length experiments and in
the results we report here. In retrospect, many of the
past experiments are heavily influenced by different elas-
tic effects of solid 4He, leading to recent reports of the
non-existence of supersolidity in 4He [37]. However, the
shear modulus anomaly of solid 4He may very well co-
exist, or possibly be correlated, with supersolidity [9].
The small supersolid fraction is simply obscured by huge
elastic effects for these experiments. Indeed, the value
of the possible supersolid fraction reported here ranks
among the smallest seen prior to this work. Therefore,
our observation is consistent with the tortuous history of
solid 4He and indicates that a small superflow can per-
sist underneath the giant elastic anomaly. We conclude
by noting that the magnitude of the supersolid fraction
is consistent with past theoretical predictions [3].
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In this Supplement, we provide a more detailed discus-
sion of the effects of shear modulus changes in solid 4He
on the resonance periods of the torsional oscillator (TO)
employed in the Letter. We approach the problem with
an analytical calculation and a numerical simulation us-
ing Finite Element Method (FEM). It is assumed that
the absolute value of the shear modulus of solid 4He is
independent of frequency in the frequency range of our
TO. This is justified by the measurements of Day et al.
[1] who observed a mere 1% variation in the shear modu-
lus of solid 4He at frequencies between 200 Hz and 2000
Hz.
ANALYTICAL CALCULATION
Acceleration Effect
We first calculate the effect arising from the acceler-
ation field of solid 4He. The majority of the solid 4He
sample is confined in a long annular channel with inner
radius ri = 0.635 cm, outer radius ro = 0.794 cm and
height L = 3.28 cm. The remaining solid 4He sample is
confined at the top of the sample volume and in a thin
cylindrical space with radius rc = ri = 0.635 cm and
height H = 0.127 cm.
For the annular part of the sample, the amplitude of
the displacement field, ~u, as a function of radius from the
symmetry axis of the sample r is calculated to be [2]
~u(r) =
rmθ0 cos
(
(r − rm)ω
√
ρ/µ
)
cos
(
1
2∆rω
√
ρ/µ
) ~eθ (1)
where ∆r = ro− ri = 0.159 cm is the width of the annu-
lus, rm =
1
2 (ro + ri) = 0.715 cm is the mean radius of the
annulus, ω = 2pif where f is TO frequency which takes
on values of f− and f+ at the two resonance modes, ρ
and µ are the density and shear modulus of solid 4He, θ0
is the maximum angular displacement in radians of the
oscillating TO and ~eθ is the azimuthal direction defined
with z-axis being the symmetry axis of the sample. In
this estimate, we are neglecting the finite length of the
annulus since it is much greater than the radius of the
annulus, L  rm. The first internal radial sound mode
of solid 4He in this geometry occurs at a frequency of
fs =
1
2∆r
√
µ/ρ = 86.3 kHz, nearly two orders of magni-
tude higher than the TO frequencies. We are therefore
justified in expanding ~u(r) in terms of ω and keeping only
the two lowest order terms.
To convert the displacement field into a back-action
torque τHe on the TO, we integrate the θ component of
the displacement field according to τHe =
∫ ro
ri
drρω2uθ(r)
[2, 3]. The effective moment of inertia of solid 4He is then
Ieff = τHe/(θ0ω
2) ≈ IHe
(
1 +
1
2
(∆r)2ω2
ρ
µ
)
(2)
where IHe =
1
2ρLpi(r
4
o − r4i ) = 0.242 g cm2 is the mo-
ment of inertia of the annular part of the 4He sample.
An increase in 4He shear modulus decreases Ieff by an
amount ∆Ieff ∝ ω2, which leads to a fractional period
shift (FPS), ∆P/∆PF = ∆Ieff/Ieff. Therefore, the ob-
served FPS is proportional to f2. The cylindrical part of
the sample is treated in analogous manner. The effective
moment of inertia has a similar form [2]:
Ieff ≈ IHe
(
1 +
1
2
H2ω2
ρ
µ
)
(3)
The moment of inertia of this part of the sample is IHe =
1
2ρHpir
4
c = 0.0065 g cm
2.
To estimate the magnitude of FPS at each resonance
mode due to shear-stiffening of solid 4He, we vary µ from
1.5×108 dyn cm−2 to 3×108 dyn cm−2 and compute the
fractional change in the total effective moment of inertia
which is the sum of expressions in eqns (2) and (3). The
result is a FPS of 1.32×10−4 for the high frequency mode
and 0.23× 10−4 for the low frequency mode, both being
very close to the elastic contributions to our observed
FPS. We note that the 100% increase in 4He shear mod-
ulus may seem unlikely. This is because we have ignored
the finite shear modulus of the aluminum alloy consti-
tuting the TO. The next effect we discuss takes the elas-
ticity of the cylindrical wall of the cell into account. In
the FEM computation presented in the next section, the
finite shear modulus of the entire TO is taken into ac-
count which amplifies the FPS calculated here, although
the FPS remains proportional to f2.
Twisting of Cell Walls
In Ref. [2], we discussed a correction to the TO periods
due to the twisting of the cell walls. This effect arises
from the fact that the top of the cell undergoes a slightly
larger angular displacement than the bottom of the cell,
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2due to the elastic displacement of the cylindrical cell wall.
The size of this effect is approximated by changes in the
effective moment of inertia IE of the cell itself, which is
given by
IE ≈ IU
(
1 +
1
3
U2ω2
ρ¯
µ¯
)
(4)
where IU = 7.05 g cm
2 is the moment of inertia of the
cell from the bottom of the solid 4He sample to the top,
U = 3.43 cm is the total length of this part of the cell,
ρ¯ and µ¯ are the weighted averages of the density and
shear modulus of the cell+4He system. Specifically for
our cell, since IU  IHe, ρ¯ ≈ ρal where ρal = 2.7 g cm−3
is the density of aluminum. µ¯ is given by considering the
cross-section of the sample space. At radius r < 0.635
cm and 0.794 cm < r < 0.921 cm, the cross-section is
occupied with aluminum. Solid 4He only occupies the
annular region 0.635 cm < r < 0.794 cm. Approximating
the cell as a torsion rod with this given cross-section,
we calculate that the fractional contribution of solid 4He
to the total torsion constant is 0.48µ/µal where µal =
2.9×1011 dyn cm−2 is the low temperature shear modulus
of Al 6061 alloy. This suggests that µ¯ ≈ µal + 0.48µ.
As before, we vary µ from 1.5 × 108 dyn cm−2 to
3 × 108 dyn cm−2, obtaining a change in IE of ∆IE− =
1.05×10−6 g cm2 for the low frequency mode and ∆IE+ =
6.01× 10−6 g cm2 for the high frequency mode. Normal-
izing these values by the moment of inertia of solid 4He,
IHe, the FPS is 4.23 × 10−6 for the low frequency mode
and 2.41 × 10−5 for the high frequency mode. We note
that this effect has the same f2 dependence as the accel-
eration effect. Comparing the values of the FPS calcu-
lated here to those calculated for the acceleration effect,
we see the finite shear modulus of the cylindrical cell wall
alone enhances the acceleration effect by about 20%.
Torsion Rod Effect
The effect on TO periods produced by the stiffening
of solid 4He inside the fill-line drilled through the torsion
rods is minimized by reducing the radius of the fill-line,
rfill. For our torsion rods which have outer radius rrod
and shear modulus µal, the FPS produced by a change in
solid 4He shear modulus ∆µ is [4], in the limit of rfill 
rrod,
∆P±
∆PF±
≈ P±
2∆PF±
∆µ
µal
(
rfill
rrod
)4
(5)
For our TO, rfill/rrod = 0.067. The measured mass-
loading sensitivities are ∆PF− = 2.75 µs and ∆PF+ =
1.69 µs. Assuming the shear modulus of solid 4He
changes by 100% so that ∆µ = 1.5 × 108 dyn cm−2,
the FPS is 2.94 × 10−6 for the low frequency mode and
2.00 × 10−6 for the high frequency mode. Since these
estimates are two orders of magnitude smaller than the
measured signals, we conclude that the solid 4He inside
the torsion rods forms negligible contribution to the ob-
served FPS.
Maris Effect
A subtle effect was discussed by H. J. Maris [5] where
the solid 4He sample inside the TO cell modifies the tor-
sion constant of the torsion rod by exerting a counter-
stress on the deformed cell wall separating solid 4He from
the torsion rod. This “Maris effect” is much more signif-
icant for solid 4He samples with cylindrical geometries
than for those with annular geometries. To estimate the
size of such an effect in our annular cell, we replace the
inner Al cylinder of the cell by solid 4He, so that the solid
4He sample is a cylinder with height L = 3.28 cm and
radius ro = 0.794 cm. The result from this simplification
is an upper bound on the magnitudes of the signals if the
actual geometry is used.
Following the approach outlined in Ref. [5], we calcu-
late that for a change of ∆µ in solid 4He shear modulus,
the corresponding change in the torsion constant kc of
the cell ∆kc is
∆kc = 3.2× 10−9(∆µ/µ)kc (6)
It is noteworthy that the Maris effect only affects the
torsion constant of the cell, whereas the torsion rod ef-
fect affects the torsion constants of both the cell and the
dummy oscillator. Consequently, the frequency depen-
dences of the two effects are different.
The induced period shifts ∆P± are obtained
by increasing kc by an amount ∆kc and cal-
culating the decrease in the TO periods P± =
2pi
[
Ickc+Ickd+Idkc
2IcId
(
1±
√
1− 4IcIdkckd(Ickc+Ickd+Idkc)2
)]−1/2
.
For a 100% change in µ, the period shifts are
∆P− = 2.5 × 10−4 ns and ∆P+ = 9.0 × 10−4 ns.
These values give FPS of 9.1 × 10−8 for the low fre-
quency mode and 5.3 × 10−7 for the high frequency
mode, both being more than two orders of magnitude
smaller than the observed FPS.
Dissipation of Solid 4He
The additional dissipation introduced by the solid 4He
in our experiment is very small. The increase in 1/Q
where Q is the mechanical qualify factor of the TO after
the cell is filled with solid 4He has a peak value of only 5×
10−8 around a temperature of 0.1 K for both modes. The
shifts in resonance periods associated with such changes
in dissipation are ∆P− = 3.87 × 10−9 ns and ∆P+ =
1.62×10−9 ns. These values correspond to FPS of 1.41×
10−12 for the low frequency mode and 0.96×10−12, eight
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FIG. 1: (Color Online) FEM simulations of the amplitude of
angular displacements θ0 and resonance frequencies f± of the
two resonance modes of the annular TO used in the Letter.
All dimensions used in building the FEM model are the mea-
sured values of the actual apparatus. θ0 is plotted in arbitrary
units. The bottom oscillator is the vibration isolator.
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FIG. 2: FEM computations of FPS’s (∆P/∆PF ) for the an-
nular TO, based on a fractional change of 1.2 × 10−4 in the
density of solid 4He sample alone, and based on a 100% in-
crease in the shear modulus of solid 4He sample alone.
orders of magnitude smaller than the FPS measured in
the experiments.
FEM COMPUTATIONS
FEM calculations of TO resonance periods are per-
formed with commercial software package COMSOL
Multiphysics (structural mechanics module, COMSOL
Multiphysics v4.3b, COMSOL Inc., 2013). A mesh con-
sisting of 20745 domain elements is created, and the pro-
gram solves for the eigen-frequencies ω of the Navier-
Cauchy equation for the amplitude of the displacement
field, ~u, of the entire TO:
− ρω2~u−∇ · σ¯ = 0 (7)
where σ¯ is the stress tensor. A plot for the amplitude
of angular displacement, θ0, at the two resonance modes
is shown in Figure. 1. We have included the vibration
isolator in the model for added precision. It can be seen
that the values of θ0 have the same sign at the cell and
the dummy oscillator for the low frequency mode, but op-
posite signs at the high frequency mode. Hence the two
modes have shapes expected from analytical calculations,
where the cell and the dummy oscillator rotate in-phase
at the low frequency mode and out-of-phase at the high
frequency mode. From the values of θ0, we also extract
the scale factors D± relating the angular velocity of the
dummy oscillator θ˙d to that of the cell θ˙c, θ˙c = D±θ˙d,
which turns out to be D− = 1.40 and D+ = −1.65.
From Figure. 1, one can see the eigen-frequencies calcu-
lated by the program match those measured experimen-
tally very closely. We also check for the accuracy of the
model by varying the density of solid helium ρ from 0 to
0.2 g cm−3. The calculated shifts in resonance periods
are 2.76 µs and 1.72 µs for the low and high frequency
modes respectively, again matching the experimental val-
ues ∆PF− and ∆PF+.
To study the effect of changing solid 4He shear modulus
µ, we shift the value of µ from 1.5 × 108 dyn cm−2 to
3×108 dyn cm−2 and calculate the shifts in periods at the
two modes, ∆P±. Normalizing these shifts by the mass-
loading values ∆PF±, the calculated FPS are 0.454 ×
10−4 for the low frequency mode and 2.46× 10−4 for the
high frequency mode. These values are about twice those
calculated with the analytical approach and likely to be
quantitatively accurate, since the finite shear modulus of
the entire TO is taken into account. They also suggest
that a 50% change in the shear modulus is sufficient to
account for the elastic contribution to the FPS observed
in this experiment.
An important message imparted by the FEM simula-
tion is the frequency dependence of the signals produced
by the changing shear modulus of solid 4He. The ratio
of the computed FPS at the two modes is 2.46/0.454 =
(f+/f−)1.96. The exponent of 1.96 is in excellent agree-
ment with the analytical prediction of 2, suggesting that
changing solid 4He shear modulus indeed produces a FPS
that is proportional to f2 for the cell presented in the
Letter. To visualize such a frequency dependence, we
plot the computed FPS values based on changes in µ in
Figure. 2 as a function of f2. The values are seen to
extrapolate to < 10−5 in the zero-frequency limit. In
contrast, the value of FPS based on a supersolid frac-
tion of 1.2× 10−4 is seen to be independent of frequency.
Comparing the FEM computation to data presented in
4Figure. 5 of the Letter, we see that the experimental FPS
values can only arise from a combination of both effects.
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